I. INTRODUCTION
The effects of static magnetic fields on shear flows have received the attention of researchers in liquid-metal magnetohydrodynamics (MHD) since this particular subject was initiated by Hartmann and Lazarus.
1, 2 The Lorentz forces arising from the induced currents in the conducting liquid lead to additional Joule dissipation and tend to suppress gradients along the direction of the magnetic field. One may therefore encounter laminar and transitional flows in parameter ranges in which a non-conducting fluid would already be in turbulent motion. Because of the existing applications of static magnetic fields for flow control in metallurgy and crystal growth, 3, 4 as well as the envisaged use of liquid metal flows in fusion reactor blankets, 5 transition to turbulence in liquid-metal MHD is clearly a relevant problem from a practical point of view. It is also of interest in the general context of shear flow transition because the magnetic field may modify the mechanisms that have been identified as important in subcritical transition of non-conducting shear flows.
Recent numerical studies have been focused on transition in MHD channel flow with a uniform, wall-normal magnetic field. This so-called Hartmann flow is considered as a prototypical MHD shear flow. When the magnetic field is sufficiently strong, it modifies the Poiseuille velocity profile and gives rise to Hartmann boundary layers, where Lorentz forces and viscous forces balance. The thickness of these layers is inversely proportional to the magnetic induction. Linear stability analysis of this velocity distribution leads to a critical Reynolds number R c based on the thickness of the Hartmann boundary layers. The value R c ≈ 50 000 obtained in Refs. 6 and 7 differs dramatically from the experimentally observed values, [8] [9] [10] which are typically smaller than R = 400. Based on the pioneering works in hydrodynamic channel flows, 11 it could be shown that nonlinear mechanisms based on transient growth of linear perturbations predict the so-called bypass transition in this parameter range. As in the hydrodynamic case, transient growth occurs by the lift-up mechanism, which amplifies perturbation energy by displacement of fluid elements along the mean velocity gradient resulting in streamwise streaks. [12] [13] [14] Because of this similarity with ordinary hydrodynamic channel flow, the MHD effects in Hartmann flow seem to be relatively minor as far as the perturbations are concerned. However, the channel geometry admits the equally basic spanwise and streamwise field orientations, for which these MHD effects may be qualitatively different. In contrast to the wall-normal field, the Poiseuille velocity profile is unchanged in these cases, but the suppression of flow gradients affects different types of perturbations. A spanwise magnetic field inhibits the formation of streamwise-independent structures and, therefore, affects the formation of streaks. By contrast, it has no impact on spanwiseindependent flow structures such as the Orr (or Tollmien-Schlichting) modes associated with the classic linear instability. 11 As a consequence, a spanwise field causes delayed transition compared with the non-magnetic case, turbulent drag reduction, and a peculiar flow state called large-scale intermittency, 15 where the flow undergoes a cyclic evolution between two unstable states, namely, turbulence and Poiseuille flow. This remarkable behavior has been identified in other computational studies of forced box turbulence in a uniform magnetic field and in an analytical solution for inviscid flow inside an ellipsoid. 16, 17 However, it remains an open question whether it can be observed in experiments because wall effects are either partly missing in the channel case or completely absent for the periodic box simulations.
Contrary to the spanwise orientation, a magnetic field in the streamwise direction leaves the laminar velocity profile unchanged in the duct geometry, i.e., channels with additional lateral walls. For this reason, one may consider periodic channel flow with a streamwise magnetic field to be a milder approximation for duct flow than in cases of transverse field orientation. By contrast to the spanwise field, a streamwise field also does not interfere with the streamwise-independent vortices and streaks. MHD effects in subcritical transition will therefore be more subtle and concern the secondary instability of streaks that have already developed on the laminar velocity distribution. It is this particular feature of a streamwise magnetic field that motivates the present work.
In contrast to the spanwise orientation of the magnetic field, a streamwise field affects also the classical modal instability. The critical Reynolds number for purely spanwise Orr modes is shifted to larger values as the magnetic induction is increased. 18 Moreover, Squire's theorem does no longer apply. This was pointed out by Hunt, 19 who showed that least stable perturbations become oblique when the magnetic interaction parameter exceeds a certain value. Instability and interaction of such oblique perturbations were recently studied for a free shear layer with a streamwise field by Vorobev and Zikanov. 20 Channel flow with streamwise magnetic field has been previously studied by direct numerical simulations (DNSs) at subcritical Reynolds numbers by Lee and Choi. 21 In these simulations, the magnetic induction was increased until relaminarization occurred. Turbulence suppression by the streamwise field turned out to be less effective than by the spanwise field, i.e., stronger fields were required. However, this study was limited to one particular value of the Reynolds number Re. In the present work, we extend the analysis to the influence of Re through an investigation of (i) the stabilization of streaks and (ii) relaminarization by a streamwise field. A complete examination of the magnetic damping effects in the whole regenerative cycle of non-MHD wall turbulence studied by Waleffe et al. [22] [23] [24] [25] is beyond the scope of the present work. To study the suppression of streak breakdown by a streamwise field we adopt the approach of several studies on streaks in hydrodynamic channel flow and flat-plate boundary layers. 26, 27 The relaminarization will be examined in direct numerical simulations with a spectral code following our own recent work for a spanwise field. 28, 29 The paper is organized as follows. The physical model, governing equations, and parameters are introduced in Sec. II. The method which determines the optimal perturbations for the streaky flow is described in Sec. III. Results from the stability analysis are described in Sec. IV. The relaminarization results from direct numerical simulations are presented in Sec. V. The paper ends with a short summary and conclusions.
II. PHYSICAL MODEL
We consider the flow of an incompressible electrically conducting fluid in an infinite plane channel between two perfectly insulating walls located at z = ±L, where x, y, z denote the streamwise, spanwise, and wall-normal directions, respectively. The flow is driven by a variable pressure gradient providing constant volume flux and subjected to a uniform magnetic field B 0 = B 0 e, where e ≡ (1, 0, 0). The geometry is sketched in Fig. 1 .
With the assumption of a low magnetic Reynolds number, the governing equations can be reduced to the Navier-Stokes equations for the velocity and pressure with the additional Lorentz force,
where ν and ρ denote the kinematic viscosity and density of the conducting fluid. The induced electric current density can be obtained by Ohm's law
where σ is the electric conductivity of the fluid. The displacement currents can be neglected, and the fluid can be assumed to be electrically neutral. It means that the currents are solenoidal, i.e., ∇ · j = 0, which leads to an equation for the electric potential φ,
For the velocity field the no-slip boundary conditions are imposed at the walls
Since there is no current flowing through the electrically insulating walls and the velocity is zero at the walls, Eq. (3) leads to the following boundary conditions for the electric potential:
For non-dimensionalization, the characteristic length is taken to be half of the channel width L and the velocity scale as the centerline velocity V . The scales of time and pressure are taken as L/V and ρV 2 , whereas the scales of magnetic field and electric potential are B 0 and LV B 0 correspondingly. The current density has the scale σ V B 0 . The resulting non-dimensional form of the governing equations and boundary conditions is
There are two independent non-dimensional parameters in the equations above, the Reynolds number
and the magnetic interaction parameter
where Ha is the Hartmann number
III. LINEAR EVOLUTION OF OPTIMAL PERTURBATIONS
The solution of the Navier-Stokes equations is decomposed into a sum of the basic flow and perturbation. In Sec. IV, the perturbation field will be referred to as primary perturbations when the unperturbed Poiseuille profile is considered as the basic state, and as secondary perturbations in case of the modified (streaky) flow. Either for the Poiseuille flow or the streaky flow, the basic profile is streamwise independent, so the variables can be written as
where the subscripts 0 and p denote the basic flow and perturbation. Because of the homogeneity in the streamwise direction, three-dimensional infinitesimal perturbations can be represented as superposition of decoupled monochromatic Fourier modes ⎛
where α is the streamwise wavenumber. The linearized governing equations for these perturbations are ∂û ∂t
with the boundary conditionsû
To quantify the amplification of the perturbations at the specific time t, a norm, generally the kinetic energy of the perturbations, is defined in the following form
where the superscript * denotes complex conjugation and spatial integration is performed over the entire cross-section of the channel. Then the amplification of any given initial perturbation at time t is the ratio between E(t) and E(0), which will be referred to as the amplification factor
The maximum value of the amplification G(α, t, Ha, Re) at time t can be obtained by maximizing over all the possible initial perturbations (15) for given streamwise wavenumber α and non-dimensional parameters Ha and Re. Using a Lagrangian formalism, the maximum value of the factor G is determined via an optimization with two constraints: (i) the perturbation energy E(0) at initial time t = 0 is equal to unity; (ii) the perturbation satisfies the linearized governing equations as well as the boundary conditions in the time interval [0, t]. The Lagrangian multipliers -the so called adjoint fields -are introduced to enforce these constraints. These adjoint fieldsũ(y, z,
t),ṽ(y, z, t),w(y, z, t),φ(y, z, t),p(y, z, t)
satisfy the following adjoint equations:
iαũ
with the boundary conditionsũ
We can obtain the optimal perturbation and amplification at time horizon τ by an iterative scheme, which is schematically illustrated by the following diagram: At the first step a given initial condition can be propagated forward in time by solving the direct problem. The result is then used as initial condition for the backward propagation of the adjoint fields,ũ
After the forward-backward iteration, another relation between the direct and adjoined variables at t = 0 is availablê
An updated initial condition for the next iterative loop is then available. Convergence can be reached when the initial condition for the forward problem does not change appreciably -up to a normalization constant -by an appropriately chosen criterion from one iterative step to the next one. The maximum energy amplification is then computed by propagating the converged initial condition once more in time and by forming the ratio of the disturbance energy at the end of the time interval to the energy at the initial time. The derivation of the adjoint equations and the iteration procedure are analogous to that for the channel flow with spanwise magnetic field presented in Krasnov et al. 30 Further details on the mathematical formulation can also be found in the book of Schmid and Henningson. 11 We also remark that, in linear algebra terms, the procedure amounts to a power iteration. It provides the eigenvector that corresponds to the largest eigenvalue of the product of the adjoint and the direct linear evolution operator. A more refined approach is possible by applying the Arnoldi process to the iterative cycle as explained in Ref. 31 .
The direct and adjoint governing equations (16)- (20), (24)- (28) are solved numerically with a modified code used in our prior work Ref. 30 . The solver is implemented with a projection-type method, and the fully explicit second-order Adams-Bashforth/Backward differentiation scheme is applied for time advancing. For the present study, the solver has been modified to account for periodic boundary conditions in the spanwise y-direction and to improve the conservative properties. A second-order highly conservative finite-difference scheme 32 is used for the spatial discretization. The equations (16)- (20), (24)- (28) are discretized directly on a non-uniform grid. The vector (velocity, electric current) and scalar (pressure, electric potential) fields are computed and stored at the same (collocated) grid points. To provide coupling between the vector and scalar fields, special flux variables for velocity and electric current are introduced at the staggered grid points located half-way between two collocation points. The computation of electric potential and current density is implemented following the work by Ni et al. 33 that provides charge conservation for MHD flows at low magnetic Reynolds number. More details on the numerical method can be found in Ref. 34 .
The computational grid is stretched based on the hyperbolic tangent transformation in the
where θ is discretized with a uniform grid step, and ζ z is a factor that provides clustering of the grid points near the walls. The grid is uniform in the spanwise direction. In our computations ζ z = 1.5 is used to maintain a reasonably large integration time step δt. We have also performed a series of test runs with stronger clustering (ζ z = 2.0, 2.5) and found no visible difference in the results. Since the basic velocity distributions from direct numerical simulations are computed and available at the Chebyshev-Gauss-Lobatto collocation points, interpolation is necessary to import the basic states to the optimal perturbation code. To minimize possible errors cubic interpolation was applied to obtain the basic velocity field at the hyperbolic tangent grid (32) . The grid size in the computations of the optimal perturbations was increased with the Reynolds number Re. The smallest and largest resolutions were 32 2 grid points and 96 2 grid points for Re = 1000 and Re = 5000, respectively. The typical time step was in the range 0.01 ≤ δt ≤ 0.04. The accuracy of the results has been verified by comparing them for different grid sizes using several different parameter combinations at each of the Reynolds numbers. For a non-magnetic and time-dependent streaky basic flow at Re = 1000 the difference in the maximum amplification factor G for α = 0 (optimized with respect to τ ) was about 2% when the resolution was doubled from 32 2 to 64 2 grid points (initial amplitude A = 10 −3 for basic flow as defined in Eq. (33) below).
IV. STABILITY ANALYSIS

A. Computation of basic flow
For the analysis of secondary linear growth and its suppression by the magnetic field we consider two-dimensional basic flows with streaks. They are computed by DNS with the spectral code from Ref. 28 . A seamless numerical approach with finite differences on identical grids for the DNS and the stability computations has not been adopted because the finite-difference DNS code described in Ref. 34 was still under development when the present work was begun.
The streaks develop from perturbations imposed on the Poiseuille flow. We use optimal linear perturbations for the Poiseuille flow for this purpose. They are streamwise vortices with α = 0, which are not affected by the streamwise magnetic field. These perturbations are calculated by the same optimization procedure described in Sec. III using the optimization code from Ref. 28 for a one-dimensional basic velocity distribution. The spanwise wavenumber is β ≈ 2.04 in agreement with Ref. 35 , and is almost independent of the Reynolds number.
In the linearized dynamics, these vortices evolve into streaks reaching a maximum amplification G I max at the optimal time τ 
where E (0) is the initial perturbation energy at t = 0 and E B is the kinetic energy of the Poiseuille flow. Because the maximum linear amplification is proportional to Re 2 , the product ARe 2 needs to be kept constant if streaks of comparable strength are to be obtained at different Re.
Examples are shown in Fig. 2 for Re = 3000 and a spanwise domain size L y = 2π /β. The perturbation energy is calculated with respect to the Poiseuille profile. For the largest amplitude A = 10 −4 nonlinear effects are important as the perturbation energy normalized with E B reaches its peak value more rapidly than at lower amplitude A in Fig. 2(a) , while its relative amplification (i.e., the G factor) is actually reduced when compared with a lower amplitude A. The contour lines varying from 0 to 1 with interval 0.1 in Fig. 2(b) show a significant spanwise variation of the velocity distribution and suggest the presence of inflection points on horizontal lines near the center of the channel. The proper computation of the basic flows has been verified by reproducing the nonlinear evolution of finite perturbations for selected cases from 
B. Results for steady basic flow
We shall first examine secondary perturbations on a time-independent basic flow. This simplification has also been made in studies of hydrodynamic flows. 26, [36] [37] [38] [39] The time-dependent case will be investigated in Sec. IV C. We extract the flow at t = τ I opt from DNS and use it as the unidirectional base flow U = U 0 (y, z)e x . The weak velocity components in spanwise and wall-normal directions are neglected for now. We focus on the case shown in Fig. 2 with Reynolds number Re = 3000 and A = 10 The optimal perturbations are computed by the method presented in Sec. III. The basic flow turns out to be exponentially unstable for wavenumbers α > 0 when the Hartmann number is not too large, which is indicated by the maximum amplification G II ∝ exp (ωτ ) at large times. An example is shown in Fig. 3(a) . For larger wavenumbers (α = 1.5 and larger in Fig. 3(a) ), there is only transient growth for short times followed by exponential decay with ω < 0. In Fig. 3(b) , the dependence of the growth rate on the wavenumber has been determined for increasingly large Ha until exponential growth was completely suppressed. A maximum value of the exponential growth rate ω max can be obtained at a certain wavenumber α max , which depends on Ha. At Ha = 0 we find α max = 1.6, which is also observed by Cossu et al. 27 The instability is of inviscid type and related to the presence of inflection points in the basic velocity distribution as discussed in the investigations of the non-magnetic case.
The maximum growth rate ω max and the corresponding α max are shown in Fig. 4 as function of the interaction parameter N. 2012) observed,
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This scaling of α max may be attributed to an approximate balance between production of perturbation energy by the basic shear and Joule dissipation. To see this we make use of the perturbation energy budget
where T B describes transfer of energy to the perturbation by the basic flow and D V and D J the viscous and Joule dissipation. The corresponding expressions are
where R denotes the real part of a complex number. Since the basic flow has just a streamwise component U 0 , the transfer term takes the form
The magnitude of the velocity components will be estimated from the incompressibility constraint, whereby
Assuming thatv,ŵ have no strong gradients it follows from (40) that αû ∼v ∼ŵ, i.e., the velocity componentsv,ŵ are roughly α times smaller thanû. Estimation of the term (39) then leads to
provided that U 0 has no strong gradients and is of order unity. The coefficient C 0 accounts for the spatial distribution of the velocity perturbation and U 0 . The perturbation energy E has been defined in Eq. (35) . For the estimation of D J we shall assume the perturbation to be a pure Fourier mode of total wavenumber k. The Joule dissipation of such a Fourier mode in a uniform field is
which can be found, e.g., in Ref. 16 . The wavenumber k should be of order unity in agreement with the earlier estimates concerning the velocity componentsv,ŵ, and their derivatives. If the terms T B and D J are dominant in the energy budget (35) , then it follows from Eqs. (41) and (42) that
i.e., the term Nα should be equal to a constant C 1 . One can extend this idea by including the time derivative in the energy budget (35) , which is ωE for exponential energy growth with the growth rate ω. The result is If one combines this result with α = C 1 /N and k 2 = α 2 + C 2 2 , one arrives at
which contains three parameters a, b, c related to the constants C 0 , C 1 , C 2 introduced above. This estimate of ω should be considered as a rough approximation as it relies on a correction to the dominant balance of T B and D J . In Fig. 4(b) , this relation provides a reasonable fit in the range, where α max N = const. It also allows one to calculate a critical value N c with ω = 0. For N > N c the exponential growth is suppressed. Similar behavior is seen for Re = 5000 in Ref. 40 , where it is also shown that the perturbations have a sinuous spatial structure as in the non-magnetic case.
Moreover, a visible range with α max N = const. requires a sufficiently large amplitude A. At lower initial amplitudes exponential growth is completely suppressed at a lower value of N c .
C. Results for time-dependent basic flow
We now focus on time-dependent basic flows developing from perturbed Poiseuille flow at time t = 0. In addition to the parameter Ha, we consider different initial amplitudes A and several Reynolds numbers Re between Re = 1000 and Re = 5000. Secondary optimal perturbations are computed following the same procedure introduced in Sec. III. All three components U 0 , V 0 , W 0 of the basic flow as well as its temporal evolution are taken into account.
As in Sec. IV B, the basic flow modulated by the primary perturbations is computed by the spectral Fourier-Chebyshev code. 28 The evolving basic flow is stored in intervals t = 1, i.e., with a separation of one convective time unit between snapshots. This corresponds to about 100 time steps in the DNS. For the optimization procedure a linear interpolation was applied between two nearest snapshots to approximate the basic state at the desired time t. We have also performed several verification runs where snapshots from the DNS were extracted and stored more frequently (every 10 time steps). Our analysis of the secondary perturbations did not reveal any visible difference between the two sampling intervals, so that the "coarse" sampling with interval t = 1 between snapshots was consistently used.
Let us first illustrate the effects of magnetic damping on the perturbation energy budget in Fig. 5 by comparing Ha > 0 and Ha = 0. All other parameters are the same. The full production term T B in the energy budget (35) is not shown. Instead we use
only. The remaining terms in T B , which contain the basic velocity components V 0 and W 0 , turn out to be negligible. We can see in Fig. 5 that the magnetic damping significantly shortens the lifetime of the perturbation, and that the overall magnitude of the terms is much reduced. This primary effect is due to changes in the spatial structure of the perturbation on account of the Joule dissipation. However, this does not imply that the Joule dissipation term itself contributes the largest share of the kinetic energy dissipation. Its contribution remains somewhat smaller than that of the viscous term. The energy production is predominantly due to the spanwise shear term T y .
The maximum amplification of optimal linear perturbations of different wavenumber is shown as a function of τ in Fig. 6 for Re = 3000 and two different values of A and Ha. All perturbations eventually decay at large time since the basic flow eventually returns to the Poiseuille profile. The slowest decay at large times is realized for α = 0, but perturbations with α > 0 provide stronger overall maximum amplification. We are interested in the magnetic damping of perturbations with α > 0, which are required for the breakdown of streaks in developed wall turbulence or transition. The suppression of such perturbations is apparent in Fig. 6 since the maximum amplification is visibly smaller at Ha > 0 than at Ha = 0 for the same A. However, there is no clear-cut way in which one can identify complete suppression of instability by the magnetic field. This is in contrast with the steady basic flow in Sec. IV B, where a clear criterion exists because of the exponential growth at large times.
Since inviscid instability due to spanwise shear appears to be the relevant mechanism, we focus on this aspect in an attempt to develop an analogy with the case of time-independent basic flow. Specifically, we propose to quantify the "dangerous" amplification of a perturbation with α > 0 by the ratio of its amplification factor G II with the amplification factor for α = 0. The purely streamwise perturbations should provide a suitable reference value as they appear to be relatively weakly sensitive to spanwise shear. (Results on the energy amplification for α = 0 supporting this assumption will be discussed later in Fig. 7 .) The logarithm of this ratio, i.e., ln G then be loosely interpreted as the product of an effective growth rate and time. For this reason, we use the logarithm of the ratio
of the maximum value G max of the amplification factor G II (with respect to wavenumber and time horizon τ ) and the maximum value of G II (with respect to τ ) for α = 0, as the analog of the maximum exponential growth rate ω max in the case of time-independent basic flow. The analog of the wavenumber α max is the wavenumber α opt providing G max . The time at which G max is reached is not taken explicitly into account as its variation with Ha is not very significant for larger values of Ha. It is absorbed as a prefactor in the quantity (47). Both the wavenumber α opt and can be computed for a given parameter combination consisting of Re, initial amplitude A and Ha. We have explored two different amplitudes A at Reynolds numbers Re = 1000, 2000, 3000, and 5000. The amplitudes have been chosen such that ARe 2 is a constant because the amplification factor G I of the primary streamwise perturbations scales as Re 2 in the linear evolution. This choice provides basic velocity distributions of comparable shape (i.e., streak magnitude) between the different Re. An example of optimal analysis for the pure streamwise secondary perturbations (α = 0) is shown in Fig. 7 for Re = 1000 and 3000. The energy amplification factor G II is computed for the time-dependent basic flow with two initial amplitudes ARe 2 ≈ 500 and ARe 2 ≈ 1000. Here, we notice that the maximum amplification factor G II is almost the same for both amplitudes, which supports our use of purely streamwise perturbations as a reference in defining (47).
Further results obtained for a range of Ha are presented in Fig. 8 . For the stronger streaks in Fig. 8(a) we see that the wavenumbers α opt for the four different Re lie on a straight line with α ∝ N −1 except for low N < 0.1. For the weaker streaks in Fig. 8(c) the behavior is similar, although there is more scatter for N < 1. The straight line with α ∝ N −1 also differs from Fig. 8(a) . The recovery of the N −1 scaling as in the case of a steady basic flow suggests to us that our analysis in terms of α opt and is not without merit for the time-dependent basic flow. The dependence of on N is shown in Figs. 8(b) and 8(d) . In contrast to α opt , the curves for the different Re do not agree. As Re grows, they are shifted to higher N. In analogy to the steady basic flow we have also made a fit of to the relation (45) in the N range where the wavenumber scales with N −1 . It provides a reasonable approximation for a fixed Re. The fit is typically based on the last four to five points when ARe 2 = 1000. At the lower values ARe 2 = 500 we typically only had four points in the relevant parameter range.
Relation (45) with given fit coefficients can be used to calculate a critical value N c with = 0, which we consider as the value of the interaction parameter required for complete suppression of perturbations with α > 0. The dependence of N c on Re and ARe in Fig. 9 . We see a monotonous increase of N c with the Reynolds number, which is almost linear for ARe 2 = 500. At the same Re the values of N c are two to three times larger for ARe 2 = 1000 than for ARe 2 = 500. The increase of N c with Re should be related to the characteristic time scale of the primary flows since they attain comparable streak amplitudes and velocity distributions when ARe 2 is constant. A longer life time of the developed streaks at larger Re supports the growth of secondary perturbations at increasingly lower α, which are less affected by the magnetic damping. 
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V. DIRECT NUMERICAL SIMULATION OF RELAMINARIZATION
DNS of relaminarization can be seen as a complementary approach to the stability analysis of Sec. IV. Starting from a turbulent flow at zero magnetic field, the Hartmann number is increased until the flow becomes laminar. In this way, a critical Hartmann number can be determined. We have performed a series of DNS for three different Reynolds numbers with the FourierChebyshev spectral code from Ref. 28 . The computational domain is periodic in the streamwise and spanwise directions with periodicity lengths L x and L y . Since secondary growth should occur at lower and lower α as Ha is increased, the streamwise length L x is expected to be important. We therefore consider L x as an additional parameter. The spanwise dimension L y is either kept fixed, or it is increased with L x such that the aspect ratio L x /L y remains constant. As a starting point of the investigation we have chosen the basic domain size used by Lee and Choi, 21 namely, L x = 3π , L y = π , and the wall distance L z = 2. The volume flux is fixed during the simulations, and the Reynolds number is computed with the centerline velocity V of laminar flow corresponding to the given flow rate.
The simulations have been performed by suddenly imposing the magnetic field at full strength on the developed non-MHD turbulent flow and observing the subsequent evolution. This was repeated at a higher value of Ha until the flow became time-independent. For some cases we have also increased Ha in small steps and with a longer time interval (at least 5000 convective time units) between steps, but found that it did not have much effect on the relaminarization threshold. The numerical resolution and time step has been kept fixed for a given Reynolds number. The number of collocation points was therefore enlarged in proportion with the computational domain. Figure 10 shows the evolution of the mean pressure gradient in a number of relaminarization runs at Re = 3000. Figure 10 Moreover, a larger value of Ha is required for relaminarization to occur. Both effects can probably be attributed to perturbations with longer wavelength that are less susceptible to magnetic damping. On the whole, our results at Re = 3000 appear consistent with the critical value Ha ≈ 42 reported by Lee and Choi. 21 The results of our DNS are summarized in Table I . The accuracy of the critical Hartmann number depends on the chosen increment, which is δHa = 5 for all cases. For the narrow domain (L y is fixed at π ) we see that the critical Hartmann number effectively saturates when L x = 12π . The same applies when L y is proportional to L x at Re = 5000. At Re = 3000 there is still some increase between L x = 12π and L x = 24π in fixed aspect ratio case. The comparison between the Reynolds numbers shows a systematic increase in the interaction parameter required for relaminarization. The value at Re = 5000 is about twice the value at Re = 3000. The value at Re = 10 000 is again about twice that of Re = 5000. This trend is in line with the linear stability results in Fig. 9 . However, the absolute values of N c are significantly lower in Table I flow direction and somewhat wider in the spanwise direction as the Hartmann number is increased from 0 to 80, which is close to the critical Hartmann number Ha c = 85. The typical lateral distance between the structures is also increased, and much of the channel shows only weak fluctuations as can be seen in Fig. 12 . Such spatial variations appear to be typical for transitional shear flows. They have been observed, e.g., in plane Couette flow, where localized structures and their role in transition have been investigated in detail. 41, 42 We shall not attempt to study these features as they are beyond the scope of the present work and very expensive in computational terms.
For further comparison, it may be interesting to quantify the elongation of the structures close to relaminarization for different Reynolds numbers. We use the two-point correlation function of the streamwise velocity component
for this purpose. In Eq. (48), r is the physical coordinate, x = (x, y, 0) is the horizontal displacement vector and averaging is taken over the horizontal plane. The results are shown in Fig. 13 for Re = 3000 and Re = 5000 in parallel planes close to the wall. They have been obtained from a single snapshot in the largest computational domain with L x = 24π and L y = 8π . The correlation coefficient has a roughly similar distribution for the two Reynolds numbers in the hydrodynamic case. With the magnetic field, the distributions are stretched along x, and -measured in friction units -the correlation persists over longer distances at Re = 5000 than at Re = 3000. Corresponding measures l + x and l + y of the support of the R uu distribution are given in Table II . They have been obtained with R uu = 1/2. From this table we see that there are nonetheless some differences between the hydrodynamic cases. The measure l + x is clearly longer at Re = 3000, which should be caused by the low Reynolds number. Close to relaminarization the streamwise measure l + x is increased by a factor of four (Re = 3000) and ten (Re = 5000). The spanwise size l + y doubles. In units of the wall distance L the streamwise measure is quite close between the two MHD cases in Table II .
VI. DISCUSSION AND CONCLUSION
We have performed an investigation of the effects of a streamwise magnetic field on conducting channel flow with a focus on relaminarization. The first part of our study has been concerned with secondary linear growth on a basic flow with streaks. The instability of streaks is one of the elements of the regenerative cycle of wall turbulence, and the analysis of magnetic damping in a simplified configuration should be helpful for a better understanding of the flow transformation by the magnetic field.
For the instability of streamwise independent, steady streaks we could identify scaling behavior of the streamwise wavenumber on the interaction parameter, and a criterion for the suppression of exponential instability providing a critical value of the interaction parameter N c . This value essentially depends on the shape of the basic velocity distribution but not on the Reynolds number. 40 For unsteady streaks this is no longer the case because the lifetime of the streaks increases with Re. By adapting the criterion for suppression of instability from the steady case, we have found that the critical value N c increases monotonously with Re and with the streak amplitude. The corresponding wavelength of marginal instability also increases with Re.
In the second part of our study, we have determined the threshold of relaminarization by a series of direct numerical simulations at fixed Reynolds numbers. The critical values N c turn out to be lower than those from our stability analysis, but show a comparable monotonous increase with the Reynolds number. This discrepancy is not surprising since the streaks in our stability analysis have a relatively large amplitude that exceeds that of typical streaks observed in turbulent wall-bounded flows. 26 Moreover, our criterion for suppression of the instability is potentially too severe. A reduction of the instability growth may already be sufficient to suppress turbulence. Nevertheless, the similar trends of N c with Re suggest that the suppression of streak instability may effectively determine the relaminarization threshold. The elongation of flow structures in the streamwise direction seen in the DNS is consistent with this argument. A complete investigation of the magnetic damping would require consideration of the other mechanisms in wall turbulence such as streak regeneration, which are difficult to isolate and relatively poorly understood.
Experimental data for relaminarization with a streamwise magnetic field have been published for pipe flow. We shall use results by Fraim 
where the Reynolds number Re is based on the centerline velocity of the laminar Poiseuille profile for the given flow rate and the pipe radius for consistency with the channel case. The interaction parameter is likewise defined with the radius. The parameters in Eq. The agreement with the experiment is surprisingly good at the higher Reynolds numbers. At Re = 3000 we have a discrepancy, which can be attributed to the differences between the critical Reynolds numbers for channel and pipe in the non-magnetic case.
The present study could be continued and extended in several directions. The influence of the streamwise field can be studied in the "forward" transition from laminar to turbulent flow. Lateral wall influences can be analyzed in a duct geometry, and spatial simulations be performed on a nonperiodic domain in the streamwise direction. A computational study of the transitional parameter ranges using dynamical systems concepts and analyses (e.g., recent work on the pipe flow problem 44 ) can be attempted too. However, an experimental verification may hardly be expected because of the difficulties associated with liquid metal flows and the required magnetic fields.
